MATH 504 HOMEWORK 2

Due Friday, February 5.

Problem 1.
(1) Suppose A # 0 and there is a one-to-one function f: A — B. Show
that there is a surjective (i.e. onto) function g : B — A.

(2) Suppose B can be well-ordered and there is a surjective function g :
B — A. Show that there is a one-to-one function f: A — B.

Problem 2. In ZF~ prove the Schroder-Bernstein theorem i.e. that if
A =X B and B < A implies that A =~ B.

Hint: Suppose f : A — B and g : B — A are one-to-one.Set Ay = A,
By = B, Ant1 = 9" Bn, Bnt1 = f7An, A =), An, Boo =), Bn. Let
h(z) be f(x) if € Ao U, (A2n \ A2ny1). Otherwise let h(z) be g~ (x).
Show that h is well defined and h : A — B is one-to-one and onto.

Problem 3. Show that for infinite cardinals kK > A,
HX Cr:|X| =AY =k
Problem 4. Let A be an infinite cardinal and k be any cardinal. Show that
k< =sup{k’ |0 < \,0 is a cardinal}.

Problem 5. Assume CH (but not GCH). Show that for every natural num-
ber n >0, W = wy.



